We study the D-wavecs heavy meson doublets (1 − , 2 − ) and (2 − , 3 − ) using the method of QCD sum rule in the framework of heavy quark effective theory. Choosing the same threshold values ω c around 2.7 Gev, we calculate the masses of the 1 
(2860) = (2860.5 ± 2.6 ± 2.5 ± 6.0) MeV, Γ D * s3 (2860) = (53 ± 7 ± 4 ± 6) MeV. In addition, LHCb specified that it is the first time to identify a spin-3 resonance D * s3 (2860) [7, 8] . At present, the charmedstrange meson family is becoming more and more abundant with the experimental progress.
Until now, there are good candidates of the 1S and 1P states in the charmed-strange meson family [9] . These newly observed charmed-strange mesons provide a good platform to study the properties of the higher radial and orbital excitations of the charmed-strange meson. For example, in Ref. [10] Sun and Liu suggested that D sJ (3040) can be a good candidate of the 2P state in the charmed-strange meson family, which is the radial excitation of D s1 (2460). The recently reported D s1 (2860) and D s3 (2860) states stimulated extensive discussions of whether they can be categorized into the 1D charmed-strange mesons [11] [12] [13] . In Ref. [11] , the two-body strong decays of D s1 (2860) (2860) and D s3 (2860) using the effective Lagrangian approach [12] . Recently, Godfrey and Moats [13] indicated that D s1 (2860) and D s3 (2860) are the 1 3 D 1 and 1 3 D 3 charmed-strange mesons, respectively. Thus, the results in Refs. [12, 13] supports the assignment of D s1 (2860) and D s3 (2860) proposed in Ref. [11] .
In this paper we shall use the method of QCD sum rule to study the D-wave heavy meson doublets (1 − , 2 − ) and (2 − , 3 − ) containing one heavy anti-quark and one strange quark [14, 15] . We shall work in the framework of the heavy quark effective theory (HQET) [16] [17] [18] , which has been successful to study heavy hadrons containing a single heavy quark. The mass of the ground state heavy mesons was studied in Refs. [19] [20] [21] [22] [23] [24] . The masses of the lowest excited nonstrange heavy meson doublets (0 + , 1 + ) and (1 + , 2 + ) were studied in Refs. [26] [27] [28] . The masses of the lowest excitedcs heavy mesons in the (0 + , 1 + ) and (1 + , 2 + ) doublets were studied in Ref. [29] . There were also some early studies using the method of QCD sum rules but in full QCD [30, 31] . In this paper we shall follow the procedures used in Refs. [25] [26] [27] 29] , and study the D-wavecs heavy meson in the ( 
II. THE SUM RULES AT THE LEADING ORDER (IN THE m Q → ∞ LIMIT)
The interpolating currents for the heavy mesons with arbitrary spin and parity have been studied and given in Refs. [25] [26] [27] . Accordingly, we shall use the following interpolating currents to study the D-wave (1 − , 2 − ) spin doublet:
and the following interpolating currents to study the D-wave (2 − , 3 − ) spin doublet:
where
µ is the gauge-covariant derivative, h v is the heavy quark field in HQET, v is the velocity of the heavy quark, and g
is the transverse metric tensor. S 1 denotes symmetrization and subtracting the trace terms in the sets (α 1 α 2 α 3 ). The first two subscripts of J j,P, j l denote the spin and parity of the heavy mesons, and the last subscript denotes the angular momentum of the light components. The detailed analyses on these currents can be found in Refs. [25] [26] [27] 29] , and here we shall directly use them to perform QCD sum rule analyses. Moreover, the two currents J 1,−,3/2 and J 2,−,3/2 give identical sum rules at the leading order, and the sum rules at the O(1/m Q ) order can be obtained using either of them [25] [26] [27] 29] (ideally the results should be identical, while actually they have small differences but negligible). Accordingly, we only need to use one of them to perform QCD sum rule analyses. So do J 2,−,5/2 and J 3,−,5/2 . In the following discussions we shall use J 1,−,3/2 and J 3,−,5/2 , because they couple to the newly observed D * s1 (2860) and D * s3 (2860) states by LHCb [7, 8] . In the m Q → ∞ limit we can assume | j, P, j l to be the heavy meson state with the quantum numbers j, P and j l , and the relation between this state and the relevant interpolating field is
where f P, j l is the decay constant. It has the same value for the two states in the same doublet in the m Q → ∞ limit. η
is the transverse, symmetric, and traceless polarization tensor.
In this paper we need to use η α t and η
which have the following property at the leading order
whereg µν = g µν −q µ q ν /m 2 and S 2 denotes symmetrization and subtracting the trace terms in the sets (α 1 α 2 α 3 ) and (β 1 β 2 β 3 ).
Using the two interpolating currents J 1,−,3/2 and J 3,−,5/2 , we can construct the two-point correlation function
where ω = 2v · k is twice the external off-shell energy, and S 3 denotes symmetrization and subtracting the trace terms in the sets (α 1 · · · α j ) and (β 1 · · · β j ). At the hadron level, it can be written as
, and m j,P, j l is the mass of the lowest-lying heavy meson state which J α 1 ···α j j,P, j l (x) couples to. At the quark and gluon level, we can calculate the twopoint correlation function (8) using the method of QCD sum rule. To do this we follow the approaches used in Refs. [25] [26] [27] 29] . After inserting Eq. (1) and (4) into Eq. (8), and performing the Borel transformation, we obtain
We note that there are 2×2 = 4 derivatives, and so the calculations are not easy. To deal with them, we have used a software called Mathematica with a package called FeynCalc [32] . Particularly, the quark condensateand the mixed condensate g sq σGq both vanish in this case. This is much different from those sum rules for (0 + , 1 + ) and (1 + , 2 + ) doublets [25] [26] [27] 29] , and it makes the convergence of Eq. (10) and (11) very good. To clearly see this, we show the convergence of Eq. (11) in Fig. 1 , where ω c is taken to be 2.7 GeV, and the following values for the condensates and other parameters are used [25-27, 29, 33] : Finally, we differentiate Eq. (10) and (11) with respect to −2/T , divide the results by themselves, and obtain
The results can be furtherly used to evaluate f P, j l :
Here we note again that the sum rule obtained by using the other current J 2,−,3/2 is very similar to Eq. (10). Hence, we have Λ 1,−,3/2 = Λ 2,−,3/2 , and we shall use another symbol Λ −,3/2 to denote them. Similarly we shall use the symbol Λ −,5/2 to denote Λ 2,−,5/2 and Λ 3,−,5/2 . To differentiate the masses within the same doublet, we need to work at the O(1/m Q ) order, which will be done in the next section.
To perform the numerical analysis, firstly we require that the high-order power corrections be less than 30% of the perturbation term, and obtain the minimum value T min of the allowed Borel parameter; secondly we require that the pole contribution
is larger than 30%, and obtain the maximum value T max of the allowed Borel parameter. Altogether we have the working interval T min < T < T max for a fixed ω c . In the sum rules (10) and (11) ω c is free parameter, and we choose it to be around 2.7 GeV for both Π 1,−,3/2 and Π 3,−,5/2 , because the D * s1 (2860) and D * s3 (2860) observed by LHCb have similar masses 2859 MeV and 2860.5 MeV [7] . Using this ω c = 2.7 GeV, we obtain our working regions, around 0.35 GeV < T < 0.48 GeV for J 1,−,3/2 , and around 0.39 GeV < T < 0.47 GeV for J 3,−,5/2 . As an example, we show the comparison between the pole and continuum contributions for J 3,−,5/2 in Fig. 2 .
Finally, we solve Eq. (13) and Eq. (14), and evaluate Λ −, j l and f −, j l . We show the variations of Λ −,3/2 and f −,3/2 with respect to the Borel mass T and the threshold value ω c in Fig. 3 . These figures are shown in the region 0.25 GeV < T < 0.55 GeV, but we find that their dependence on the Borel mass T becomes weaker in our working region 0.35 GeV < T < 0.48 GeV. We obtain the following numerical results:
where the central value corresponds to T = 0.42 GeV and ω c = 2.7 GeV. Similarly, we show the variations of Λ −,5/2 and f −,5/2 in Fig. 4 . These figures are shown in the region 0.30 GeV < T < 0.60 GeV. Again we find that their dependence on the Borel mass T becomes weaker in our working region 0.39 GeV < T < 0.47 GeV. We obtain the following numerical results:
where the central value corresponds to T = 0.43 GeV and ω c = 2.7 GeV.
III. THE SUM RULES AT THE O(1/m Q ) ORDER
The Lagrangian of HQET, up to the O(1/m Q ) order, can be written as [27, 29] 
where K is the operator of the nonrelativistic kinetic energy with a negative sign:
and S is the Pauli term to describe the chromomagnetic interaction: where
3/β 0 and β 0 = 11−2n f /3.
We use δm and δ f to denote the corrections to the mass m j,P, j l and the coupling constant f P, j l at the O(1/m Q ) order. The pole term on the hadron side, Eq. (9), can be written as:
In this paper we shall only evaluate δm. To do this, we use the Lagrangian (20) defined at the O(1/m Q ) order, and consider the following three-point correlation functions
where O = K or S. At the hadron level, we can pick their pole parts
From these equations we know that the term S causes a mass splitting within the same doublet, while the term K does not. Moreover, the term S can also cause a mixing of states with the same j, P but different j l , such as a mass splitting between |2, −, 3/2 and |2, −, 5/2 . This effect has been studied in Ref. [34] , where its corrections are found to be negligible. Hence, we do not consider this effect in this paper.
Fixing ω = ω ′ and comparing Eq. (23), Eq. (25) and Eq. (26), we obtain
At the quark and gluon level, we can calculate Eqs. (24) using the method of QCD sum rule, and evaluate K P, j l and Σ P, j l . To do this, again we follow the approaches used in Refs. [27, 29] : after inserting Eq. (1) and (4) into Eq. (24), we make a double Borel transformation for both ω and ω ′ , and obtain two Borel parameters T 1 and T 2 . Then we take these two Borel parameters to be equal, and obtain the following two sum rules for K −,3/2 and Σ −,3/2 :
and the following two sum rules for K −,5/2 and Σ −,5/2 :
We note that in these sum rules the m s corrections are neglected. Finally, we obtain K −,3/2 and Σ −,3/2 by simply dividing Eq. (29) and (30) by the sum rule (10), and K −,5/2 and Σ −,5/2 by simply dividing Eq. (31) and (32) by the sum rule (11) . We show the variations of K −,3/2 and Σ −,3/2 with respect to the Borel mass T and the threshold value ω c in Fig. 5 in the region 0.25 GeV < T < 0.55 GeV, and their dependence on the Borel mass T becomes weaker in our working region 0.35 GeV < T < 0.48 GeV. We obtain the following numerical results:
where the central value corresponds to T = 0.42 GeV and ω c = 2.7 GeV. Similarly we show the variations of K −,5/2 and Σ −,5/2 in Fig. 6 in the region 0.30 GeV < T < 0.60 GeV, and their dependence on the Borel mass T becomes weaker in our working region 0.39 GeV < T < 0.47 GeV. We obtain the following numerical results:
where the central value corresponds to T = 0.43 GeV and ω c = 2.7 GeV. 
IV. NUMERICAL RESULTS AND DISCUSSIONS
Combining the results obtained in Sec. II and Sec. III, we arrive at the following weighted average mass for the D-wavē cs heavy meson doublet (1 − , 2 − ):
where D s2 is used to denote the 2 − partner of D * s1 . Their mass splitting is:
From these values, we find that the O(1/m Q ) corrections are important and can not be neglected. Moreover, they have large uncertainties. So do the results at the leading order, Λ −,3/2 . This makes our results also have large uncertainties, except their mass splitting: where we have used the PDG value m c = 1.275 ± 0.025 GeV [35] . The mass of 1 − state is 2.81 ± 0.10 GeV, consistent with the D * s1 (2860) newly observed by LHCb, m exp D * s1 = 2859 ± 12 ± 6 ± 23 MeV [7] .
Similarly, we obtain the following weighted average mass for the D-wavecs (2 − , 3 − ) heavy meson doublet:
where D ′ s2 is used to denote the 2 − partner of D * s3 . Their mass splitting is:
Again we find that the O(1/m Q ) corrections are important and have large uncertainties. Our results are:
The mass of the 3 − state is 2.85 ± 0.08 GeV, also consistent with the D * s3 (2860) newly observed by LHCb, m exp D * s3 = 2860.5 ± 2.6 ± 2.5 ± 6.0 MeV [7] .
Thebs system can be similarly studied by replacing m c by m b and multiplying Σ −, j l by C mag ≈ 0.8 [27, 29] . Here we only give their mass differences within the same doublet because their mass depends much on the bottom quark mass m b , whose value has large uncertainties. Using the same threshold values ω c around 3.3 GeV and assuming 4 GeV< m b < 5 GeV, we obtain the mass differences within the same doublet We can similarly replace the strange quark by up and down quarks and extract the masses of the non-strange D-wave heavy mesons. To do this we use slightly smaller threshold values ω c ∼ 2.5 GeV, and obtain the working region 0.39 GeV < T < 0.43 GeV for (1 − , 2 − ) doublet. However, there is no stability window for (2 − , 3 − ) doublet, unless we require the pole contribution to be greater than 20% only, and now the working region is 0.46 GeV < T < 0.49 GeV. The numerical results are
Again we note that the masses have large uncertainties, but their differences within the same doublet are produced quite well.
In summary, we have studied the D-wave (1 − , 2 − ) and [7] . In our calculations we have chosen the same threshold value ω ≈ 2.7 GeV for both of them, and obtained a mass difference between D * s1
and D * s3 to be 0.04 GeV. Considering the mass uncertainties are about 0.1 GeV, our results are consistent with the experimental data [7] . The masses of their 2 − partners are calculated to be 2.82 ± 0.10 and 2.81 ± 0.08 GeV, with large uncertainties. However, the mass splittings within the same doublet are reproduced quite well, i. = 0.039 ± 0.014 GeV. We have also estimated their decay constants at the leading order (in the m Q → ∞ limit), that is f −,3/2 = 0.19 ± 0.05 GeV 7/2 and f −,5/2 = 0.15 ± 0.04 GeV 7/2 . At present, the two 2 − charmed-strange mesons are still missing. The predicted masses of these two 2 − charmedstange mesons in this work can be further tested by future experiments. We also expect more experimental progresses on higher radial and orbital excitations in the charmed-strange meson family. We also obtained the two decay constants f −,3/2 and f −,5/2 , both of which are important input parameters when performing the dynamical study relevant to the D-wave charmed-strange mesons.
With the running of the LHCb experiment, it is an exciting time to explore the higher charmed-strange mesons. The experimental and theoretical efforts will establish the charmedstrange meson family step by step, which is a research area full of challenges and opportunities.
